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In summary, the details of the blast wave resulting from the
detonation-propulsion system is explained by both calculation
and experiments. The relative importance of pressure peaks
and valleys on the system performance is illustrated;
especially, the importance of the under-pressure is em-
phasized.
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Stability of a Future Generation
Spacecraft Attitude Control System

A.S. C. Sinha*
Purdue University, Indianapolis, Ind.
and
A. Nadkarnit
Old Dominion University, Va.

1. Introduction

HE system under consideration at NASA Langley

Research Lab., represents a new concept in attitude
control of spacecraft. It will provide a better attitude control,
more payload capacity in the spacecraft, and hopefully will
meet increasing demands in satellite communication, weather
prediction, etc., which need more payload, and unbalanced
loading. An accurate modeling of internal energy dissipation
is extremely difficult. However, the energy dissipation in
either the high-speed Annular Momentum Control Device
(AMCD) or the despun main spacecraft structure introduced
through a damping mechanism, is modeled by one ball-in-the-
tube damper with one degree of freedom.

The subscript of a representation of a vector in a three-
dimensional space denotes that vector in a particular coor-
dinate system. For example, (T,,7T,,,T,;)
and (7, T,,, T, ) are the vector representations of bearing
interaction torques 7, and 7} in (x,y,z); respectively, where
subscript @ denotes AMCD and s denotes spacecraft. The
projections of a vector T, in x, y, and z coordinates are
denoted by T, T,,, and T,.. G,,, Gy, G,; and G, G,,, G,
are external disturbance torques for the AMCD rim and
spacecraft due to three balancing masses and one ball-in-tube
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damper. The vectors w,, I, and w,, I, are angular velocity and
transverse moment of inertia of the @ coordinate system and
the s system, respectively. H, and H, are total angular
momentum of AMCD and spacecraft, respectively. The Euler
angles chosen to represent the positions of the ¢ and s
coordinate axes with respect to an inertial axis set are ¢ and 6.
« and B are spacecraft rotation angle and rim rotation angle,
respectively. P and P’ represent damper motion along the z
axis. The reader is strongly encouraged to see Ref. 1 for
details of the notations and development of equations of
motion for dissipative AMCD spacecraft.

II. Stability Criteria

The analysis is based on the dissipative dual-spin con-
figuration. The AMCD spacecraft is comprised of three parts:
1) the primary part of the spacecraft, assumed to be essen-
tially the right circular cylinder; 2) the AMCD spin assembly
configuration consists of a rotating rim (no central hub)
suspended by noncontacting magnetic bearings and powered
by a noncontacting linear electromagnetic motor (see Ref. 2);
3) the energy dissipation in either the high-speed AMCD or
the despun main spacecraft structure, introduced through a
damping mechanism, is modeled by one ball-in-tube damper.
Three particles, each of whose mass is equal to the total mass
of the damping mechanism, are rigidly attached to the
spacecraft in such a way that the combination damper and
three particles become inertially symmetrical about the spin
axis. :

The equation of motion for the dissipative AMCD-

. spacecraft can be written as

L, +K, (0, — ) +Ky (., —&,) +H, 6,

+K3B8(0,—0,)—G,=0 %))
1,6, +K,(8,—6,) +K,; (6, —8) +H,o,

—Kéﬁ'(d)a —¢5)—'Gay=0 )
Ld,~K,y (9, —b,) =Ky (b, — ) +H,b,

—K;B8(0,-0,) —G, =0 3)

IS§S_K¢ (Ba—‘gs) —K¢(0a _0.5) _Hs(i)s

+K;8(d,—¢5) =G, =0 @)
H,=G,=I,a (5)
H,=G, =I,f (6)

cP+kP+m[P-6,a+w,0.a—P(wl+wl)]=0 )

cP +k'P +m’ [P —aja’ +wlwia’ —P (w}? +w)?)] =0
®8)

where
G,, = (—masina) B; G,,= (ma cosa) P 9)
Go=(—m'a’ sinB)P’'; G,,=(m’a’ cosp)P’ 10)
are linearized disturbance torques. The detailed derivation of
equations from the first principle are reported in Ref. 1, and
are omitted here for the sake of brevity. The stability of the
origin is examined. The linearized equation of motion about

the equilibrium point gives the following differential equation
of motion:

M) %(2) +B(H)%(6) +K () x(t) =0 an
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where x= (¢, 0,, ¢, 8,, P, P’). M(t), B(t) and K(t) are
matrices:
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where we let

r -i
I, 0 0 0 a5 O E-'= (16)
-I A :
0 I, 0 0 a5 O
0 0 I 0 0 ay where matrices I' and A are positive-definite constant matrices
M(r)= . : yet to be determined. 7 denotes identity matrices. E is positive
: 0 0 0 I 0 a4 definite, if and only if,
as; as; 0 0 m O '
I'>0, TA>T {17
Y 0 ag ag 0 m |
where The derivative of V along the trajectories of Eq. (15) yields:
a5 =das;=ma sine, @ =as = —ma cosa V=xTE(E~'ST+SE~!)Ex (18)
aj=ag=m’'a’ sinf, a,=as4=—m’'a’ cosf
I kg I,wy —kg 0 0 0 7
=1, wy kg 0 —-kd', 0 0
. —k; 0 k, I,w 0 0
B(r) = ¢ @ Vsz 8o
0 ] —k, — I wg k; 0 0
2aw,ym cosa  2aw,om sina 0 0 c 0
L 0 0 2a'wgom’ cosB  2a’wgym’ sinB 0 ¢’ |
i ky kgwgg —ky,  kjwg maw?,sine 0 1
—kswgg k, kywgy —ky  —mawljcosa 0
R —kg —kjw k kgwgg 0 m'a’ wh,sinf
Rty = $@go ® »¥s Bo
ks wgp -k, kywg, ky 0 —m’'a’'wi,cosp
0 0 0 0 k 0
i 0 0 0 0 0 k’ ]

II. Case with Dampers
The passive AMCD spacecraft differential equations of
motion with one damper and three symmetrical particles on
both the AMCD rim and spacecraft are represented by the
state equations,

M()%(1) +B()x (1) +K()x(1) =0 (12)

where the matrices M, B, and K are as defined earlier. M(¢) is
an invertible matrix, so we can write the system (12) in the
form

X()+B()x(t) +K()x(t)y=0 (13)
where R . R R
Bt)y=M~"1()B(t),K(t) =M~ K (1)

To study the stability properties of the system (13), we
represent it in the form

0 I
x(1)y= [

}X(’);X(t)ms(t)x(f) (14)
—-K(t) —B(@)

Here B(t) and K(t) are continuous matrices of 6x6. In
order to generate a Liapunov function, when B(#) and K(f)
are not symmetrical, let us consider a function

V=~(XE,X) (15)

Therefore, Vis a Liapunov function if a constant £~/ can
be found such that

E-'ST(H+S(UHE's—¢e<0 (19)
or
—(E-IST(H) +S(H)E™T)

_[ 21 PKT—BT—A]
"L TK—-B-—A BA+ABT—K-KT]

is semipositive definite if

(BA+ABT —K—K")z/4(PK—B—A) x (K" —=B" —A)
‘ (20)

Now We choose
I'=yl, A=\ 21

such that yA> 1. The inequality (20) reduces to

N(B+B") - (K+K") =V (yK=B—N) X (yK" —=B" —\I)
' 22)
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For some positive constants b,, b,, and k,, k, we can write the inequality (22) as

{(by;—b,) I~ [(2B— (b, +b,) 1 X [(2B—(b; +b) N T} + 47 {(ky —k; ) I — [ (2K~ (k; + k) I1 X [ (2K — (k; +k;) )T}

2B— (b, +by)I 2K—(k;+k;)I

by =) o=k |

(b, —by) (k2 —k;)

+v(by;—b,;) (k; k) {[

(b;—by) (b:—b;)

2B— (b, +b2)1] [ZB—— (b, +b,)1

1] y [ZB—(b’,+b2)I 2K—(k,+k2)1+I]T}

(b;—b;) (k2 —k;)

]T [ZK—I(k, +k;) ]X [ZK—[(k, +k;) ]T—I}

(k2 —k;) (k2 —k;)

+ {16k, (vb; —1) —4(N=b; —Nk;)2 )+ (4(Nb; +YN=2) = 2v2 (k; + k) W (K+KT =2k, )

+ {4\ +vk,) =2(b, +b,) } (B+BT —2b,1) =0

Next, we examine the positiveness of each set of paren-
theses {---}. We choose the constants y>0, A>0 such that
¥A>1 and satisfy the Lim and Kazda constant3

1)

b, >Vk, —Vk, (24)
ii)
" 4b, +Vb = (Vk, —Vk,)?

b,<b; + k;+~kk 2

by <Dy VK, —VEk, )2 Ik, +~Vk k]l (25)
by setting the last three { - - - } equal to zero,

16k; (yb; —1) —~4(A=b, —vk;)? =0 (26)
4(\D, +'y)\—2)—272(k1+k2)=0 27
d(N+vk,)—=2(b; +b,)=0 (28)

From Eq. (27), we get
N=2y ' —b,+ Vy(k, +k;) (29)
On substituting A in Eq. (26), we get
dylkik, —[4y !+ (k, +k;)y—4b, 17 =0

or

by =y~ + (v/4) Wk, —Vk; 1’ (0
or write the quadratic equation in y as
v? (Vk, —Vk;)? —4b;y,; +4=0

Solving the quadratic equation in Eq. (30) yields:

_2(b,+V03 — (Vk, —Vk,)?)
N (Vky —Vk;)?

(31D

From Lim and Kazda, constants b, >Vk, —Vk, implies that
7 is real and positive. Now we solve Eq. (31) for b,

b, +b, =2()\+ka)
On substituting A from Eq. (29), we get
by =22y~ + oy (k; +k;) —b;)—b; + 2vk, 32)
From Eq. (30), we obtain b, as

2b; =2y~ + Yoy (k; + k) =k k; (33)

(23)

so that using the relation in Eq. (33) in Eq. (32) yields
bz =2(2b1 +'Y\Ok1k2 -—bl) _bl +2‘Ykl

=b; +2y(k; +Vkk3)

40 VB = (Vk, —Vk:) %)
=b, + T —VE)? [k, +Vk Ky ]

The last step follows by substituting v from Eq. (31). From
Eq. (30) we have

b, =y~ +(v/4) Vk, fﬁl]z

Substituting b, into Eq. (29) yields

A=2y = (y "1+ (v/4) Wk —Vk; 12) + Yoy (k, + k)

A=y~ + (v/4) (Vk, +Vk;)? (34)

Equations (31) and (34) give real constant positive y and A
such that the Eqs. (26-28) are satisfied and the condition
Ay > 1. Therefore, we have an autonomous Liapunov function
whose time derivative is negative semidefinite. Using
LaSalle’s invariance principle, asymptotic stability can be
concluded.

The results can be summarized into the following theorems:

Theorem 1: If there exist constants b,, b, and k,, k,
satisfying the Lim and Kazda relation

i)
b[ >ﬁ2 _‘\/E[
ii)

4b, ~Vbi — (Vk, —Vk,)?
(Vk; —Vk;)?

b,<b; + [k, +~k k]

and, in addition,

iii)

[23(—b(2b_,zlb)2)1] y [zB(—b(zb_,;z;z)l]r

ot st T

Then, the system Eq. (13) is stable in the sense of Liapunov.
Let the negative real part of M[S(s)] denote the least
negative real part of the eigenvalues of S(¢).
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Theorem 2: Given a constant matrix A[a constant part of
S(1)], there exists a positive matrix P such that
1y

c=0—271

d=min §,,5,18; = min M(S(¢))
a;=0—2

ii)

M (B) <0 for all matrix S(¢) continuously with

1IS(t)—All<b forall r=0
BE A+ (8/2)1

then the trivial solution of Eq. (13) is stable in the sense of
Liapunov.
Proof: Since the real parts of the eigenvalues of

BE A— [0 +M(S(1)) 1

are all negative or zero, then there exists a positive definite
Hermitian matrix Psuch that

PB+BTP=—C(C=0)

The eigenvalues of

PS(1) +ST()P+oPE L

vary continuously with S(¢) and as S(7)— A, the matrix L
tends to PA+ATP—{6+2M[S(t))}P=PB+ BT P= - C.
Therefore the matrix L is seminegative definite throughout
some neighborhood 11S(¢f) —All<dof A.

Now define a Liapunov function

V(X)=XTPX; P=PT>0

then V along the trajectories of Eq. (14) yields:

V(X)=XT[PS(t)+ST(1)P1 X=X [6+2M(S()) 1 PX
=-3XTPX=-6V<0

The rest of the arguments are standard and so omitted. This
completes the proof.

The prototype AMCD spacecraft was found to be asymp-
totically stable where the parameters used are: I, =680 kg —
m?, [,,=1360 kg —m?, I, =680 kg —m?, I,, =453.3 kg —m?,
a=0.76 m, a'=0.76 m, w,;=401.3 rad/sec, wgz=0.1
rad/sec, k, =1020, k; =2856. Simulation was reported for
larger k,, k;, where the system was found stable. A con-
siderable amount of work is needed for selection of the best
parameters. Further simulation is needed when one or more
ball-in-tube dampers are present. Note that smaller damper
masses appear to stabilize the system.
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Fourth-Order Runge-Kutta Integration
with Stepsize Control

David G. Huil*
University of Texas at Austin, Austin, Texas

Introduction

N engineer wanting to integrate a system of ordinary

differential equations has at his disposal a wide variety
of numerical integration methods. Included are single-step
(Runge-Kutta) integrators up to eighth order!-? and multistep
(Adams-Bashforth, Adams-Moulton) integrators of any
order.? Furthermore, these integrators are available in both
fixed-step ‘and variable-step versions. In spite of this,
however, the fixed-step, fourth-order Runge-Kutta method is
used with a degree of regularity even though the problem
being solved does not require fixed-step integration. Perhaps
the reason for this is that engineers tend to use what has
worked in the past and do not always have time to experiment
with numerical methods.

It is well known that variable-step integration is more ef-
ficient than fixed-step integration; that is, fewer integration
steps are required to achieve the same accuracy. Hence, the
purpose of this Note is to present a simple step-size control
procedure for the classical fourth-order Runge-Kutta method.
Since the implementation of the step-size procedure requires
only about 15 FORTRAN statements, anyone using the
fixed-step version can make the conversion quite easily.

Step-size control already is available for the fourth-order
Runge-Kutta method.* One method, doubling, uses two
regular steps and a simultaneous double step to estimate the
truncation error of the fourth-order method. It requires five
and one-half function evaluations per integration step and
costs seven function evaluations for a rejected step. Another
method uses a sequence of accepted steps to predict the next
step. However, this approach requires additional storage, and
the single-step character of the Runge-Kutta method is
destroyed.

The step-size control procedure being proposed here uses
the concept of embedded methods. Here, a lower-order
method using the same function evaluations as the fourth-
order method is isolated. Because of the nature of the func-
tion evaluations needed to generate the fourth-order method,
a third-order method cannot be found, and a second-order
method must be used, as indicated by Sarafyan (Ref. 5, p. 71).
The difference of the solutions obtained by the second- and
fourth-order methods is used as an estimate of the truncation
error of the second-order method. This approximate trun-
cation error then is used to find the size of the integration step
which maintains a prescribed relative error.

Fixed-Step Integration

The fourth-order Runge-Kutta method is to approximate
the solution of the initial-value problem

dx
a=f(t,x), Xy =x(1y) 1)
by the relation
3
2(to+h) =xo+h ), Cf, @
k=0
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